High-Q ͑quality factor͒ resonators are a versatile class of components for radio frequency micro-electromechanical systems . Phononic crystals provide a promising method of producing these resonators. In this article, we present a theoretical study of the Q factor of a cavity resonator in a two-dimensional phononic crystal comprised of tungsten rods in a silicon matrix. One can optimize the Q of a phononic crystal resonator by varying the number of inclusions or the cavity harmonic number. We conclude that using higher harmonics marginally increases Q while increasing crystal length via additional inclusions causes Q to increase by orders of magnitude.
I. INTRODUCTION
Radio frequency ͑RF͒ micro-electromechanical systems ͑MEMs͒ refers to various technologies incorporating micromechanical elements for RF signal processing.
1,2 Some advantages of RF MEMS devices are reduced cost and power consumption, improved performance, reconfigurability, fabrication using complementary metal-oxide semiconductor technology and physical size reduction. One particularly versatile component class in RF MEMS is high-Q ͑quality factor͒ resonators. High-Q resonators are useful for synthesizing low phase noise oscillators and creating highly selective filters. Researchers are using many types of structures in an attempt to achieve high Q's. [3] [4] [5] [6] [7] [8] Some of the different types include surface acoustic waves, beams, disks, and phononic crystals ͑PnCs͒. By carefully choosing the correct materials and resonator type, Q values near the material's theoretical limit can be achieved.
1, 4, 9 Through optimization of a number of factors the theoretical material limit for Q can be reached. At lower frequencies air damping can prohibit a design from realizing the theoretical limit. If the mechanical connection between the anchor and the resonator is not designed correctly, clamping loss can hinder a system's ability to achieve the maximum Q possible. 4, [8] [9] [10] Assuming these two effects are minimized, the limit on Q in bulk-mode resonators is set by either thermoelastic dissipation or the Akhieser effect ͑AKE͒, which is design independent. 11 In this article, we will focus our discussion on extensional, bulk-mode, PnC resonators which are subject to the material limit imposed by AKE. Not only are PnCs a promising method for producing resonators, they can also be used to create many other components in a highly compact on-chip design. PnCs rely on impedance mismatches between a host ͑matrix͒ material and inclusions periodically placed in the matrix to generate forbidden bands of frequencies ͑band gaps͒ for mechanical vibrations ͑phonons͒ via Bragg and Mie resonances. 12 By exploiting properties of these band gaps, it becomes possible to control phonons and implement components for RF MEMS. Previous work shows that PnCs can indeed be used as waveguides and resonators. 6, 13, 14 In the article by Olsson et al., a W1 waveguide with a 1.5 MHz wide band was fabricated with 100% relative transmission. They also produced a W3 waveguide that propagated two distinct modes with nearly 100% transmission. Recently, a PnC resonator comprised of air holes in Si was demonstrated and it produced a Q of 6300 at 127 MHz in air. 6 In addition to demonstrating their ability to be used as components, current work by our group shows PnCs operating in the gigahertz regime ͑mobile communication bands͒ with two different material sets.
by orders of magnitude. We provide guidelines for designing PnC-based resonators with Q's near the material limit. Figure 1 shows a schematic of a slice of the 2D PnC resonator with a simple cubic lattice pattern. In a simple cubic 2D lattice, the number of unit cells also equals the number of inclusions. An equal number of unit cells exist on either side of the resonator cavity. Spacing between tungsten inclusions of radius r in the crystal is defined as a. For this work, the number of inclusions varies between one and five. The other variable is the cavity length L of the resonator, which is defined as the minimum distance between the innermost inclusions, and it dictates which harmonic the PnC operates in. For a given harmonic, an initial L value was determined using
II. CALCULATION METHOD
where n refers to the n th harmonic, c Si is the longitudinal sound velocity of silicon, and f is the center frequency of the band gap produced by the PnC without a cavity. The complete length of the crystal, which includes the cavity, is ⌳. Because of uncertainty in how the PnC would affect the location of the resonant frequencies within the band gap due to slight penetration of the elastic wave into the crystal, L was varied in length up to + / −20% of its initial value. The scope of this work includes the first seven harmonics.
Numerical simulation of elastic waves propagating through the PnC was performed with the finite difference time domain ͑FDTD͒ method. A detailed description of the FDTD method can be found in Ref. 15 . For all simulations involving a cavity resonator, a wideband longitudinal displacement pulse in the z direction is generated in the middle of the cavity. Near one end of the crystal is a single point detector ͑Fig. 1͒, which collects the time dependent displacement response of the crystal. The FDTD grid in the longitudinal ͑z direction͒ direction is terminated by Mur absorbing boundary conditions, which prevent spurious reflections of the propagating wave at numerical grid boundaries. For the other two directions, x and y, periodic boundary conditions are implemented, effectively creating a structure of infinite extent in those directions. Fast Fourier transforms were utilized to recover the frequency domain response from the collected displacement data.
Even though a PnC with an infinite thickness and/or height is impossible to fabricate, previous theoretical results with infinite thickness showed excellent agreement with experimental results. 3, 13 The infinite extent case allows the cavities to be studied in a practical simulation time using FDTD, where simulations involving finite thickness PnC cavities are too computationally expensive for an exhaustive study of cavity design parameters. Additionally, the numerical simulations in this work assume material loss is absent. Without losses and thickness initially incorporated into the model, it is easier and faster to both understand and optimize the design of a PnC. Once it is understood how the harmonic number and number of layers affect the PnC, losses and thickness can be incorporated.
Three different models are used to estimate Q. The first model is the planes approximation method ͑PAM͒, which is a one-dimensional ͑1D͒ homogenization of the 2D problem. Here, rows of cylinders participating in the phonon scattering process along a given crystallographic direction are rendered as continuous 1D planes whose elastic properties are extrapolated from the constituent materials based on their areal filling fractions. The PAM thus utilizes a linear approximation to the problem, and it is the least intensive computational method to predict the Q for a given resonator. A more detailed description of PAM can be found in Ref. 16 . Using PAM, one can extract a reflection coefficient ⌫ for a given frequency and number of layers. Once ⌫ is determined, Q for the n th harmonic can be found by using
where n represents the n th harmonic. The second model, titled the single mirror approximation ͑SMA͒, estimates the Q of the resonator based solely on a PnC's reflectivity. Inclusions on either side of the cavity can be viewed as imperfect mirrors/reflectors, which allow a portion of the energy to transmit outside the cavity. For a given number of layers, FDTD predicts not only the width of the PnC's band gap, but it also estimates the transmission value for each frequency within the band gap, i.e., the gap depth. By utilizing a normalized transmission value for a given frequency along with the definition of Q
where E s is the energy stored and E d is the energy dissipated per cycle, Q can be estimated assuming the energy dissipated per cycle is equal to
In Eq. ͑4͒, T is the normalized transmission value for a specific frequency. Normalization is performed by comparing PnC transmission to transmission in a pure matrix medium, calculated via an otherwise identical FDTD simulation. 3, 15 Determination of Q for the n th harmonic is simply nQ. Both of the previous models are compared to the Q predicted by the full FDTD simulation of the 2D, PnC resonator. This Q is determined by solving the problem of harmonic inversion-given a discrete-time, finite-length signal that consists of a sum of finitely-many sinusoids in a given band- 
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Goettler et al. J. Appl. Phys. 108, 084505 ͑2010͒ width, it determines the frequencies, decay constants, amplitudes, and phases of those sinusoids. 18 With the frequency and decay constant, Q is given by
where f is the resonant frequency and ␣ is the exponential decay constant.
III. RESULTS AND DISCUSSION
All of the results presented use a lattice constant equal to 2.5 m. An r / a ratio of 0.26, corresponding to a tungsten inclusion radius of 0.65 m, is consistently used throughout the results. Based on these parameters, the band gap of the PnC is centered near 1.315 GHz. This specific r / a ratio was chosen because it was found to yield the maximum gap width for the Si/W material system.
To ensure a proper comparison among the harmonics, the wavelength for each harmonic was kept constant. For a cavity length corresponding to the n th harmonic, its length was varied until the n th overtone of the cavity had a frequency within 0.5% of 1.315 GHz. Table I lists the cavity lengths and resonant frequencies for all seven harmonics.
Pinning the frequency, which is equivalent to a constant wavelength, also keeps the analysis of Q independent of band gap effects. Because the band gap is not flat, i.e., the transmission value within the band gap is frequency dependent; the Q value is affected by the location of the resonant frequency inside the band gap. By keeping the frequency constant, Q for each harmonic is only a function of the harmonic number and not a function of band gap location.
A comparison of Q versus harmonic is shown in Fig.  2͑a͒ . PnCs with three layers of tungsten inclusions were used for this plot.
This plot shows a monotonic increase in Q with increasing harmonics. Theoretically, Q for the higher harmonics should be equal to nQ 1 , where n refers to the n th harmonic and Q 1 is the quality factor for the first harmonic. For all seven harmonics, SMA underestimates Q. PAM, however, provides a good estimate of Q for all seven harmonics.
As an alternative to using higher harmonics to increase the quality factor of a PnC resonator, addition of inclusions to each side of the cavity causes Q to increase by orders of magnitude ͓Fig. 2͑b͔͒. Quantitatively, Q increased by 1.0264 orders of magnitude with each additional inclusion, which was determined from a curve fit to the FDTD results. PAM predicts an increase by 1.1748 orders of magnitude while the SMA estimates a 1.2719 order of magnitude increase. The reflectivity of the PnC increases with additional layers of inclusions, which allows less energy to penetrate outside the cavity. This, in turn, causes Q to increase according to Eq. ͑3͒. In Fig. 2͑b͒ , the cavity length is kept constant as the number of layers changes from one to five. Both models ͑PAM and SMA͒ predict the correct trend, but they slightly overestimate Q.
Even though additional inclusions increase the reflectivity of the PnC, the resonant frequency does not shift within the band gap. This is shown in Fig. 3͑a͒ , which is a plot of the PnC's cavity transmission as a function of layers. As the number of layers increases, the location of the resonant frequency peak remains unchanged. This implies that the penetration depth of the standing wave inside the cavity is not dependent on the reflectivity of the crystal. A visual representation of the mode penetration can be seen in Fig. 3͑b͒ . Specifically, this plot shows the mode penetration of the second harmonic with three layers. In this figure, the square of the z displacement, which is proportional to the energy of the wave, is plotted as a function of position. The black circles indicate the initial position of the tungsten inclusions.
Initial harmonic length calculations assumed the cavity length for the n th harmonic would simply be n times the length of the first harmonic. This, however, produced a shift in the resonant frequency. As the wave with frequency f moves from the silicon matrix into the tungsten inclusion, it experiences a decrease in velocity. In order to keep the frequency constant, an additional amount of silicon had to be added to each cavity length. Since the wave resides partially inside the tungsten inclusion, which has a lower sound velocity than silicon, an additional amount of silicon must be added. The additional length is dependent on the wave's penetration ⌬ into the tungsten inclusions and the ratio of longitudinal sound velocities in silicon and tungsten. Taking this into account along with a constant penetration depth, the following 1D relationship can be used to estimate ⌬:
In this equation, L eff is the effective length of the cavity, L 1 is the cavity length of the first harmonic, and c Si and c W are the longitudinal sound velocities of silicon and tungsten, respectively. The third term in Eq. ͑6͒ is the additional silicon that must be added to keep f constant. Once L 1 and the cavity length for any other harmonic are known, Eq. ͑6͒ can be used to solve for ⌬. A plot of the penetration depth versus harmonic number is shown in Fig. 4 . The mean penetration depth is 0.166 m, which is 12.8% of the inclusion's diameter. The error in the penetration depth is based on the 0.5% variation allowed in the resonant frequency of different harmonics in this study. For a given change in the cavity length ⌬L, there is a corresponding shift in the frequency ⌬f of the resonant mode. Based upon the linear relationship between ⌬f and ⌬L, the error in the penetration depth can be calculated.
Armed with an understanding of how the harmonic number and number of layers affect the Q for a 2D PnC, the next step is to incorporate material loss. Even though an increase in the harmonic number or the number of layers causes Q to increase toward infinity, it cannot go beyond fundamental material limits. For silicon in the low GHz frequency range, the material limit is set by the AKE ͑phonon-phonon damping͒. 11 An analytic expression for the phonon-phonon damping material limit on Q ͑Refs. 11, 19, and 20͒ is given by
where is the mass density, c is the mean Debye sound velocity, ␥ is the Grüneisen parameter, k is the thermal conductivity, T is the temperature, and f is the frequency. In this article, = 2330 kg/ m 3 , c = 7207 m / s, ␥ = 0.51, k = 148 W / K m, and T = 300 K. The relationship that incorporates the Q of the PnC design and the Q set by the material limit is given by
where Q tot represents the quality factor with loss. Q PnC is the quality factor from the PnC design and Q AKE is the material limit set by the AKE. A plot of Q tot at a frequency of 1.317 GHz is shown in Fig. 5 and is plotted as a function of the total crystal length, ⌳. Using the total crystal length allows one to see how to maximize Q tot for a given length. The overall crystal length ⌳ is dependent upon the number of layers m, harmonic number n, and the lattice constant a, which sets the frequency range. ⌳ extends from the beginning of the first inclusion to the end of the last inclusion ͑Fig. 1͒. The crystal length can be calculated using the equation
The first term in Eq. ͑9͒ accounts for the crystal length due to the inclusions and the remainder of the terms refer to the cavity length, L. 0.52a is specific to the r / a ratio used ͑in this article r / a = 0.26͒, and it refers to the diameter of a single rod. Figure 5 also shows the effect of the harmonic number and the number layers on the Q with loss. For a given number of layers, each dot represents one of the harmonics, ranging from the first to the seventh. As the harmonic number increases, so does Q tot . As the number of layers increases from two to five, Q tot also increases, but it does so at a much faster rate. With five layers at a frequency of 1.317 GHz, the first harmonic is within 2% of the material limit, so increasing the harmonic number does not provide a dramatic increase in Q tot . Instead, it adds a significant amount of length to the crystal for a minimal increase in Q tot .
Because the material limit of the quality factor is frequency dependent, it is important to show how the harmonic number and the number of layers affect Q tot over a range of frequencies. These relationships are shown in Fig. 6 . In this figure, each point type represents a different harmonic, ranging from one to seven, and each color represents a different number of layers. Cyan represents two layers, red represents three layers, green represents four layers, and blue represents five layers of inclusions on either side of the cavity. The black line shows the silicon material limit of Q due to the AKE. Once the number of layers reaches five, Q tot becomes saturated in this frequency span. With five layers an increase in the harmonic number provides a relatively small change in Q tot regardless of the frequency.
IV. CONCLUSION
In this article, we outlined the path to achieve the material limit of Q using 2D PnC resonators. Using either higher harmonics or incorporating additional layers of inclusions into the design are two ways to achieve the material limit for a given frequency. Using additional layers, however, generates a larger increase in Q and does so by minimizing the overall length of the PnC resonator. The effective length of the cavity, which includes a portion of the inclusions, does not change as additional inclusions are added to the PnC. Also, the penetration depth of the resonant mode stays constant over the entire range of harmonics. The SMA model underestimates Q as a function of harmonic number and overestimates the increase in Q with respect to number of layers. PAM, however, provides a good approximation of Q and does so with minimal computation time. Incorporation of loss into the model shows that the material limit is achievable using a 2D PnC design within a reasonable length. Using five layers for the Si/W system between 100 MHz and 10 GHz, Q tot ͑which includes loss͒ is over 90% of the material limit regardless of the harmonic number. Each color represents a different number of layers and black represents the material limit for silicon. Note that all seven harmonics with five layers ͑blue markers͒ closely follow the material limit for all frequencies.
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